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Abstract 

Let {X, uj) be a n-dimensional compact Kahler manifold. In this 
paper we study degenerate complex Hessian equations of the form 
(w + dd'^ip)"^ A = F{x,ip)u}"-. We develop the first steps of a 

potential theory for the associated complex Hessian operator. In par- 
ticular we define a notion of bounded weak solution for this equation. 
We then prove that under some natural conditions on F and a curva- 
ture assumption on lu, this equation has a unique continuous solution. 



1 Introduction 

Let {X,u}) be a compact Kahler manifold of complex dimension n. Fix an 
integer m between 1 and n, and let d, d'^ denote the usual real differential 
operators d := d + d,d'^ = -^^(9 — d) so that dd'^ = ^dd. 

We are studying degenerate complex Hessian equations of the form 

(1.1) (tJ + ddV)"' A6j"-™ = F(x,(^)a;", 

where the density F : X x M ^ satisfies some natural integrability 
conditions (see the theorem below). 

The case m = 1 corresponds to the Laplace equation and the case m = 
n corresponds to degenerate complex Monge-Ampere equations which has 
been studied intensively in the recent years (see |3l HJ [6l El El [U [101 ttH (El 
[IHllISllSlllSllMlEIllHlllMlIM]). So equation is a generalization of 
both Laplace and Monge-Ampere equations. 

The non degenerate complex Hessian equation on compact Kahler man- 
ifold, where F{x, (p) = /(x), with < / E C°°(X), has been studied recently 
in [251 [261 EH] • Iii [SS] and [28], the authors independently solved this equa- 
tion with a strong additional hypothesis, assuming (X, cj) has non negative 
holomorphic bisectional curvature. Later on, in |26j an a priori estimate 
was obtained without curvature assumption. The general problem is still 
open. 
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In this paper we develop the first steps for a potential theory for the 
complex Hessian equation on compact Kahler manifold. Following Blocki [3j 
we define the class of (w, m)-subharmonic functions which is a generalization 
of the class of w-plurisubharmonic functions when m = n. Since we do not 
know at this moment if any (w, m)-subharmonic function is a decreasing 
limit of a sequence of smooth ones, the definition of the complex Hessian 
operator on bounded (w, m)-subharmonic functions is delicate. 

In order to extend the definition of the complex Hessian operator to 
bounded non smooth (w, m)-subharmonic functions, we introduce a capac- 
ity adapted to the class of {u, m)-subharmonic functions and use it to define 
the concept of quasi-uniform convergence. This allows us to define a suit- 
able class of bounded and quasi-continuous {u, m)-subharmonic functions 
on which the complex Hessian operator is well defined and continuous un- 
der quasi-uniform convergence. We show that this definition coincides with 
the definition in the spirit of Bedford and Taylor method for the complex 
Monge- Ampere operator. We prove a comparison principle and convergence 
results for this operator. Then we consider the degenerate Hessian equation 
(jl.ip when the right hand side F{x, .) = f{x) is in L^^X). 

Using Moser iteration technique and the result in [251 EE] we prove that 
there exists a bounded weak solution to this equation whenp > n, and {X, oj) 
has non negative holomorphic bisectional curvature. The continuity of the 
solution requires uniform stability estimates which were obtained recently 
by Kolodziej and Dinew [17] under the more general condition p > n/m. The 
key point in these estimates is a domination between volume and capacity 
as in the case of complex Monge- Ampere equations [11], [18], [31j . 

The main result of this paper is the following: 

Theorem. Let {X,uj) he a n- dimensional compact Kahler manifold of non 

negative holomorphic bisectional curvature. Fix 1 < m < n and p > n/m. 

Let F : X X M — > [0, -l-oo) he a function satisfying the following conditions: 

(Fl) For all X & X , t F{x,t) is non- decreasing and continuous, 

(F2) For allteR,x^ F{x, t) is in LP{X), 

(F3) There exists to G M such that /^F(.,to)w" = /x'^"- 
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Then there exists a function ip G Vmi^X^uS) VxC^iX) , unique up to an 
additive constant, such that 



Moreover if^x ^ X,t ^ F{x,t) is increasing, then the solution is unique. 

Remark 1.1. The curvature assumption can be relaxed right after the non 
degenerate complex Hessian equation is solved in full generality. 

Note that the condition (F3) is automatically satisfied if F{., — oo) = 
and -F(.,+oo) = +00. An important particular case is the exponential 
function F{x,t) = /(x)e*. 

A particular case of this result has been obtained in ^/Tj. The key point 
in their proof is a domination between volume and capacity. Our main 
result is proved using this technique and the recent result in the smooth 
case [251 [28]. 
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rificing his very valuable time for me. I wish to express my sincere gratitude 
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improve the paper. I also wish to say a special word of thanks to Sebastien 
Boucksom for his kind invitation to IMJ and useful discussions. This paper 
owes much to their help and constant encouragement. 

2 Preliminaries 

In this section we introduce the notion of (w, m)-subharmonic functions. We 
define a suitable class of bounded {oj, m)-subharmonic functions on which 
the complex Hessian operator is well-defined, continuous under suitable con- 
vergence and satisfies the comparison principle. 

2.1 Elementary symmetric functions 

First, we recall some basic properties of elementary symmetric functions 
(see O HH [20]). We use the notations in [3J. Let Sk, k = l,...,n be the 
fc-elementary symmetric function, that is, for A = (Ai, A„) € M", 



{uj + dd'^ip)"' A OJ 



,n—m 



F(x,(^)a;". 






1< «! <j2<...<ifc<n 
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For convenience, we set 5'o(A) = 1 and 5fc(A) = if /c > n or A; < 0. We 
have the following identity 

n 

(Ai+t)...(A„ + t) = J^5fc(A)^"-^ tEM. 

We denote the closure of the connected component of {S'fc(A) > 0} con- 
taining (1, 1). We can show that (see ^20j) 

Ffc = {A G M" : ^^(Ai + t, A„ + t) > 0, Vt > 0}. 

Thus it follows from the identity 

that 

Ffc := {A e M" : Sj{\) > 0, VI < j < k}. 
We have an obvious inclusion 

Tn C ... CFi. 

By Garding [2U] the set F^ is a convex cone in M" and S"^^^ is concave on 
Ffc. For A = (Ai, A„) E M" and 1 < j < n we define 

Sk,M) := 5fc(A(^^)), 
where A^J) = (Ai, Aj_i, Aj+i, A^) G M"'i. It is easy to check that 

n 

(2.1) ^Sfc,,(A) = (n-A:)5fc(A), VA G E". 

We denote by % the vector space (over M) of complex hermitian n x n 
matrices. For A £ Ti we denote A(^) = (Ai, A^) the eigenvalues of A. We 
set 

Sk{A) = Sk{X{A)). 

From the identity 

n 

det(A + t/) = ^5fc(^)^-^ teR 

k=0 
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it follows that the function Sk can be seen as the sum of all principal minors 
of order k, 

Sk{A) = ^ An. 
\i\=k 

Thus Sk is a homogeneous polynomial of order k on Ti which is hyperbolic 
with respect to the identity matrix / (that is for every A S the equation 
Sk{A + tl) = has n real roots; see [SO])- As in [20] (see also [3) we define 
the cone 

fk:={Aen: Sk{A + tI) > 0,Vt > 0}. 

We have ^ 

rk:={Aen: X{A) G TJ. 

It follows from [20] that the cone is convex and the function Sj^ is 
concave on Tfc. 

For A H we define 



mA) = §^{A) 

UUpq 



£ n. 



By Euler's identity for homogeneous functions one has 
(2.2) ^2 ^iA)apg = kSk{A). 

OClpn 

p,q=l 

Lemma 2.1. /5/ Let A with A = A(A). Then the eigenvalues of Dk{A) 
are given by 

\{Dk{A)) = {Sk-l,l{\)....,Sk-l,nW). 

Thus Dk{A) G Tk and 

tr{Dk{A)) = {n-k + l)Sk-i{A). 

2.2 tj-subharmonic functions 

In this section, we consider 17 C X an open subset contained in a local chart. 
Definition 2.2. A function u G L^{^) is called weakly a;-subharmonic if 



d(fuAuj''-^ > 0, 



in the weak sense of currents. 
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Thanks to Littman [39] we have the following approximation properties. 



Proposition 2.3. Let u be a weakly ui-subharmonic function in Q. Then 
there exists a one parameter family of functions Uh with the following prop- 
erties: For every compact subset il' C 

a) Uh is smooth in Q' for h sufficiently large, 

b) dd^uh A > in 

c) Uh is non increasing with increasing h, and liiUh^^Uhix) = u{x) almost 
every where in Q' , 

d) Uh is given explicitly as 



uniformly in x . 

Definition 2.4. A function u is called w-subharmonic if it is weakly oj- 
subharmonic and for every Vl' (s il, \m\h^oo Uhix) = u{x),\/x G il', where 
Uh is constructed as in Proposition 12.31 

Remark 2.5. Any continuous weakly w-subharmonic function is uj- 
subharmonic. 

If (uj) is a sequence of continuous w-subharmonic functions decreasing 
to u and ii u ^ — oo then u is w-subharmonic. 

If u is weakly w-subharmonic then the pointwise limit of (uh) is a uj- 
subharmonic function. 

Let (uj) is a sequence of w-subharmonic functions and {uj) is uniformly 
bounded from above. Then u := (limsupjUj)* is w-subharmonic. Where 
for a function v, we set v* the upper semicontinuous regularization of v. 

The following Hartogs lemma can be proved in the same way as in the 
case of subharmonic functions. 

Lemma 2.6. Let ut{x),t > be a family of non positive u -subharmonic 
functions in and ut is uniformly bounded in Lj^^{Q). Suppose that 
for compact subset K in il. there exists a constant C such that v{x) = 
[limsupj^^oQ nt(a;)]* < C on K. Then for every e > 0, there exists % such 
that ut{x) < C + e for t >T^ and x G K. 



(2.3) 




where Kh is a smooth non negative function and 
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2.3 (w, m)-subharmonic functions 

We associate real (l,l)-forms a in C" with hermitian matrices [a^^] by 

i 



= -^aj^.dzj Adzk. 



a 

3,k 



Then the canonical Kahler form j3 is associated with the identity matrix I. 
It is easy to see that 

(2.4) Qa^A^'^-^ = 5fc(^)/3". 

Definition 2.7. Let a be a real (1, l)-form on X. We say that a is {u!,m)- 
positive at a given point P G X if at this point we have 

a*^ A o;"-*^ > 0, VA; = l,...,m. 

We say that a is (w, m)-positive if it is (w, m)-positive at any point of X. 

Remark 2.8. Locally at P & X with local coordinates zi, we have 



a = -^aj]^dzj Adzk, 



and 

a; = - ^ gjldzj A dzk- 

j,k 

Then a is (a;, m)-positive at P if and only if the eigenvalues X{g^^a) = 
(Ai, A„) of the matrix a^^i^P) with respect to the matrix gj^iP) is in L^. 
These eigenvalues are independent of any choice of local coordinates. 

Proposition 2.9. Let a G A^'^(X) be a real (l,l)-form on X. Then a is 
{ijO,m) -positive if and only if 

a A ;Si A ... A /3„_i A w""" > 0, 

for all {uj,m) -positive forms ...,Prn-i- 

Definition 2.10. A current T of bidegree {p,p) is said to be (w, m)-positive 
if 

ai A ... A ttn-p A T > 0, 
for all smooth (w, m)-positive (l,l)-forms aj. 
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Following Blocki [5] we can define (w, m)-subharmonicity for non-smooth 
functions. 

Definition 2.11. A function : X — )• M U {—00} is called {00, m)- 
subharmonic if the following conditions hold 

(i) In any local chart fi, given p the local potential of uj and set u := p+^p, 
then u is cj-subharmonic, 

(ii) for every smooth (w, m)-positive forms /3i, /3m,-i we have, in the 
weak sense of distributions, 



Let SHm{X, uj) be the set of all (oj, m)-subharmonic functions on X. Observe 

that by definition, any 99 € SHm{X,uj) is upper semicontinuous. 

The following properties of (w, m)-subharmonic functions are easy to show. 

Proposition 2.12. (i) If (p & then p is {uj,m)-suhharmonic if the 

form {oj + d(Fip) is {uj, m) -positive. 

(ii) If ip,Tp G SHm{X,uj) then max{{p,ip) € SII„l{X,uj). 
(ii) Ifip,ip£ SHm{X,uj) and A G [0,1] then A99 + (1 - A)^ G SHm{X,uj). 
(Hi) If {p>j) C SIIm{X,uj) is uniformly bounded from above then 
(limsupj ipjY G SHm{X,uj). 

Thanks to Hartogs Lemma 12.61 the following proposition can be proved 
in the same way as in the case of w-plurisubharmonic function (see |23]). 

Proposition 2.13. Let (ipj) be a sequence of functions in SII„i{X,uj). 

(i) If (ipj) is uniformly bounded from above on X, then either pi j converges 
uniformly to —00 or the sequence {p>j) is relatively compact in L^{X). 

(ii) If p>j p> in L^{X) then 



The following compactness lemma can be deduced easily from Proposi- 
tion ElSl 

Lemma 2.14. There exists a constant Co > such that for all p> G 
SHm{X,uj) satisfying supx >p = we have 



{uj + dd'^ip) A /3i A ... A /3m-i A uj' 



,n—m 



> 0. 



supxp> = Mva.supxP'j- 




It then follows that 



X 

is a convex compact subset of L^{X). 



C := {ip & SHm{X,uj)/ supp < 0; 



<^w" > -Co} 
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2.4 Non degenerate complex Hessian equations 

We summarize here some recent results on the non degenerate complex Hes- 
sian equation on compact Kahler manifolds, 

(2.5) (w + d(fipr A = /w", 
where < / is smooth such that 

(2.6) / /a;" = / a;^ 

J X Jx 

Hou and Jbilou [25] independently proved in 2008-2009 the following 
theorem: 

Theorem 2.15. 1251 \28f If (X. uj) has non negative holomorphic bisectional 
curvature and < / G C°°{X) satisfies \2. 0\) then equation \2. 5]) has a 
unique (up to an additive constant) smooth solution. 

Later on Hou-Ma-Wu [26j proved a second order a priori estimate (with- 
out curvature assumption): 

Theorem 2.16. 126^ Let {X,oj) he a n- dimensional compact Kahler man- 
ifold. If < f G C°°(X) satisfies i2.b]) and tp G C'^(X) is a normalized 
solution to equation \2. 5|) then we have the following a priori estimate 

sup IddVL < C{1 + sup |Vv9|2 ) 

X X 

where the constant C > depends only on a lower hound for the holomorphic 
bisectional curvature of {X,uj), ||/^^™'||c2(x); oj,m,n. 

The complex Hessian equation (|2.7p in domains of C", i.e. equations of 
the form 

(2.7) {dd^ur A = //3", 

where (3 is the canonical Kahler form in C", was considered by Li |37) and 
Blocki [5]. Existence and uniqueness of smooth solution to the Dirichlet 
problem in smoothly bounded domains with (m — 1)- pseudoconvex bound- 
ary was obtained in [37j. In [5j, a potential theory for m-subharmonic func- 
tions was developed and the corresponding degenerate Dirichlet problem 
was solved. Recently, Sadullaev and Abdullaev studied capacities and polar 
sets for m-subharmonic functions [30] . Note that the corresponding problem 
when 13 is not the euclidean Kahler form is fully open. 
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It is important to mention that the study of real Hessian equations is a 
classical subject which has been developed previously in many papers, for 
example [IllIlllTlEHllMlSIlllallMlllS]. In particular, the Dirichlet prob- 
lem in domains whose boundary satisfies some convexity assumptions has 
been solved in [T3]. The degenerate Hessian equation was then considered 
in [27] and [S]. A nonlinear potential theory has been developed in [36] and 
[43j . For a survey of the real Hessian equation theory, we refer the reader 

to US]. 

3 Complex Hessian operators. 

In this section we develop the first steps of a pluripotential theory adapted 
to complex Hessian equations, in order to study the degenerate complex 
Hessian equation (jl.ip . It is classical that one can approximate any quasi 
plurisubharmonic function by decreasing sequence of smooth quasi psh func- 
tions [12], [IS]- For {u, m)-subharmonic functions we do not know at this mo- 
ment if the same regularization property is true. To go around this difficulty 
we introduce a notion of capacity adapted to (w, m)-subharmonic functions 
and define the notion of convergence in capacity. 

3.1 Capacity 

Definition 3.1. Let E ^ X he a. Borel subset. We define the inner {oj,m)- 
capacity of E by 

cap^,„(i^) := sup{ ^a;^ A^^"-'"/</. € SH^{X,u:) ^^C\X),^ <V<l]. 

The outer (w, m)-capacity of E is defined to be 

Capj^„(£') = infjcapj^ ^(C/) \ E dU, [/ is an open subset of X}. 

It follows directly from the definition that Cap^ ^ is monotone and u-sub- 
additive. 

Observe that if 93 G SHmiX,uj) f] C^{X), < ip < M then, for any Borel 
subset E C X, 

(3.1) / cu-A^"— <M-cap,,^(i?). 

Definition 3.2. A sequence (ipj) converges in cap^^^ to ip if for any 5 > 
we have 

lim cap (|v3j -ip\>6) = 0. 
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Definition 3.3. A sequence of functions {(pj) converges quasi-uniformly to 
If on X (w.r.t Cap^ if for every e > there exists an open subset U C X 
such that Cap^^^{U) < e and ipj converges uniformly to ip \n X\U. 

This convergence is ahuost equivalent to the convergence in capacity as 
the following result shows 

Proposition 3.4. (i) If converges quasi-uniformly to ip, then for each 
(5 > 0, 

lim Cap^ {\ipj -<p\> 6) = Q. 

(ii) Conversely, assume that (ipj) is a sequence of functions and if is a 
function such that, for every 6 > 0, 

lim Cap^ {\(pj -ip\> 5) = 0. 

J-5-00 

Then there exists a subsequence {'■Pj^) converging quasi-uniformly to (p. 

The condition (ii) will be called convergence in capacity as in the classical 
case of potential theory. 

Proof. The first part is obvious, so we only prove the second part. We can 
find a subsequence (and for convenience we still denote it by {^j)) such that 

Cap^^^dv^j -p\> l/j) < Vj. 

For each j, let Uj be an open subset of X such that {\ipj — {p\ > l/j) C Uj 
and cap^ mi^j) ^ 2^^^^. Then for each e > 0, we can find A; € N such that 
^j>kUj is the open subset of Cap^ ^^ less than e and ipj converges uniformly 
to p on its complement. □ 

Definition 3.5. We denote Vm{^,^) the set of all functions ip € 
SHm{X,u)) such that there exists a sequence of C^, (cj, m)-subharmonic 
functions ((/?j) converging quasi-uniformly to ip on X. Equivalently, we can 
replace quasi-uniform convergence by convergence in Capacity thanks to 
Proposition 13.41 

Proposition 3.6. (i) Any ip € Vmi^-,^) is quasi continuous, that means, 
for any e > there exists an open subset U <Z X of Cap^ „ less than e such 
that ip is continuous on X \ U . 

(ii) If {(pj) I p in Vm{X,uj) then {ipj) converges quasi-uniformly to tp. 
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Proof. The first statement follows directly from the definition. From (i) , 
for each e > 0, there exists an open subset U of cap^ ^ less than e such that 
^Pj,^p are continuous on X \ U which is compact. By Dini's Theorem, ipj 
converges uniformly to (f on X \ U. □ 

We have obvious inclusions 

SHm{X,u;)nC\X) C VmiX,uj) C SHmiX,oj), 

and 

PSH{X,UJ) CVm{X,uj). 

Remark 3.7. At this moment, we do not know if any function in SHmiX, u) 
can be approximated by decreasing sequence of functions in the same class 
(even if the function in question is continuous). However, the class Vm{X, uj) 
is sufficient for our purpose. 

Remark 3.8. Quasi-uniform convergence implies convergence point wise 
outside a subset of Cap^ ^ zero. Moreover, if ipj is uniformly bounded and 
converges quasi-uniformly to 99, then we have convergence in for every 
p > 0. Indeed, Fix e > and U an open subset as in definition 13. 3^ we have 
(by dsn) 



^{U) 



\ipj - ^fco'' < / \ipj - ipfuj'' + / - ipfuj'^ 

X Jx\u Ju 



< / \ipj - ipl^uj"" + sup \ipj - ipl^.cap^ 
Jx\u X,j 

f \ipj- + Ce. 

Jx\u 



< 

ix\u 

Taking the limsup over j and then letting e — )• we obtain 

limsup \\ipj — ifWp = 0. 
j 

Lemma 3.9. If Lp,ip belong to the class Vm{X,uj) then so does niax.{ip,tp). 

Proof. Let (95^), {ipj) be uniformly bounded sequences of functions in 
SHm{X,uj) nC^(X) converging quasi-uniformly to 99, respectively. Set 

1 
3 

For each e > there exists an open subset U of cap^ ^ less than e and 
^Pj,tpj converges uniformly on X \ U to <p,ip respectively. Since Uj < Vj < 
log(2)/j + Uj and Uj converges uniformly to u on X \ U we deduce that Vj 
converges uniformly to u on X \ U. □ 



u := max((^, V'); Uj := max{ipj ,ipj); vj := - log(e-''^^ +e^^^). 
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3.2 Hessian measure 



In this section we define complex Hessian measure for function in SHmiX, u) 
which can be approximated in cap^^^ by C^-functions in SHm{X,uj). In 
particular, for functions in Vm{X, oj)r\L°° {X) this notion of Hessian measure 
can be defined by Bedford- Taylor method. 

Theorem 3.10. Let ip € SHm{X,u}) such that there exists a uniformly 
bounded sequence {(pj) of {uj,m)-suhharmonic functions converging in 
cap^ ^ to Lp. Then the sequence of measures 

converges (weakly in the sense of measures) to a positive Radon measure fi. 
Moreover, the measure ^ does not depend on the choice of the approximating 
sequence {^pj). We define the Hessian measure of ip to be Hm{p>) '■= ^• 

Proof. Since all the measures Hm{<Pj) have uniformly bounded mass (which 
is J^uj'^), they stay in a weakly compact subset. It suffices to show that 
all accumulation points of this sequence are just the same. To do this it is 
enough to show that for every test function x £ C°°{X), 



lim / x[Hm{fj) - Hmiipk)] = 0. 

■,fc-s>oo Jx 



By integration by part formula we have 

(3.2) / xiHmi^j) - Hmi^k)] = [ xdd''iipj-ipk)AT 

Jx Jx 

= / iv^j - ^k)dd''x A T, 
Jx 



where 



m—l 



T = ^ (cj + ddVj)' A (w + dd'<pkT^^'^ A t^"-'". 
1=0 

Fix e > 0, and set U = U{j,k,e) = {\ipj — ipk\ > e}. By C we will denote 
a constant that does not depend on j,k,e. Then by ()3.2p and (|3.ip there 
exists C > such that 

/ x[Hm{^j) - Hm{(pk)] < / \(pj - Vk\Cuj AT + \(pj - (pk\Cuj AT 

Jx Ju Jx\u 

< C cap^ ^^{U) + Ce sup \Lpj - (pk\ uAT. 

x\u Jx\u 
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Now, it follows that 



lim sup 



X 



< Ce. 



Let e — >■ we obtain the result. For the independence in the choice of the 
sequence it is enough to repeat the above arguments. □ 

For functions in w) nL°°(X) we can also define the Hessian mea- 

sure in a weak sense following Bedford- Taylor method. 

Lemma 3.11. Let (pi,(p2 G Vm{X^oj) PI Then the current A 

a;^2 A a;""'" is well defined in the weak sense (Bedford-Taylor), symmetric 
and {uj,m)- positive. Then we can define inductively the Hessian measure of 

ipeVm{x,u)nL'^{x), 

HM := (w + ddV)™ A uj". 

Moreover, this definition coincides with the one in Theorem \3. 101 

Proof. It follows from definition of {uj, m)-subharmonic functions that Ti = 
{uj + dd^Lfi) A o;"^™- is a {uj, m)-positive current. If (p2 G Vm{X, uj) PI L°°{X) 
then dd^Lp2 A Ti is the current defined by 

(idV2 ATi = dd^{ip2Ti). 

We denote by T2 = uj^p-^ /\ujip^/\uj'^''^ . Since <^i, 9^2 are in Vm{X,^)^L^ {X), 
there exist uniformly bounded sequences {ip\),{ip2) in Vm{X,uj) n C^(X) 
converging quasi-uniformly to (pi,ip2 respectively. The sequence of currents 
T2 = UJ^j^ Aw^i Acj"~™ converges to T2 and hence T2 is {uj,m)- positive and 



w<^i A w<^2 A UJ 



ujp2 A uj^^ A uj'^' 



To prove that converges to T2, let us choose some test form x and prove 
the following convergence 



(3.3) 
We have 



lim / X A dd''{if'2 - A Ti = 0. 
Jx 



X 



X A dd^{^i - ip2) A Ti 



X 



{^i - V2)dd'x A Ti 



< C lifl^- iP2\^^^ Aw" \ 
Ix 
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where the constant C depends only on x-,^- Now (|3.3p fohows from the last 
inequality in view of 

/ uJ^^^uJ''-^ < Ccap^ ([/), 
Ju 

for every open subset U d X. □ 
We can prove inductively that the current 

is well-defined, symmetric, (w, m)-positive, for each k < m and (pi € 
Vm{X,u}) n L'^iX). The Hessian measure of (/? G Vm{X,uj) D L°°{X) 
is defined in this way Hm{^) = A ... A cj,^ A uj^~'^. Now, given ip € 
Vm{X,uj) n it is easy to see that the Hessian measure of if de- 

fined by the above construction coincides with the Hessian measure Hm{^) 
defined in Theorem 13. 101 



3.3 Some Convergence results 

In this section we prove some convergence results and the comparison prin- 
ciple for functions in Vm{X,uj) Pi L°°{X). 

Proposition 3.12. Let (ip^), (ip^) be uniformly bounded sequence of 
functions in Vm{X,u;) PI L°°(X) converging quasi-uniformly to ip^,...,{p"^ 
respectively. Then we have the weak convergence of measures 

uj^i A ... A uj^rp A w""*" ^ uj^i A ... A u^m. A a;""™. 
Moreover, if u & Vm{X,uj), we also have 

(3.4) uw^i A ... A uj^ru A w"""" ^ uuj^i A ... A u^m A a;""™. 

In particular uHm{(p^) uHm{(p^). 
Proof. Using the identity 

w^i A ... A uj^^ A w"-™ - ujui A ... A uju^ A a;"~™ 
= ^ a;„i A tJ„2 A ... A A dd'^ivj - uj) A u^^^^ A ... A a;„^ A w"""". 
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we reduce the proof to showing that if vj — t- v quasi-uniformly with vj 
uniformly bounded and closed (w, m)-positive currents Tj have the form 
w^i A ... A a;„™.-i A w""™ with e Vm{X,uj),0 < v"" < 1 then 



(3.5) 



d(f{vj -v) ^ Tj 0. 



Fix a test function x- For e > let C/ be an open subset of cap^ ^ less than 
e and Vj converges uniformly io v on X\U. We have 



X 



Xdd'^ivj -v) A Tj\ 



X 



{vj -v)dd''x^Tj\ 



< \ / {vj - v)dd\ A Tj 1 + 1 / {vj - v)dd\ A Tj \ 
Ju Jx\u 



< C.{ I ujATj + 



x\u 



\vj — v\u} A Tj 



< C.cap^^^{U) + C.sup\vj-v\, 

x\u 

where C is a constant depending on the test function x find the uniform 
bound for \vj — v\. Now let j ^ oo and then e ^ we obtain (|3.5p and 
hence ()3.13p . To prove (j3.4p . set 



Tj = oj^i A ... A uj^m A ijj 



T = u^i A ... A oj^n,. A a;""™. 



Fix a test function x a small number e > 0. There exists an open subset 
U d X oi cap(^ less than e and a approximating sequence {uj ) of n such 
that {uj) converges uniformly to u'vn K = X\U. For each j, G N we have 



X 



x{uTj - uT) 



< 


L 







X{u - Uk){Tj - T) 



+ 



XUk{Tj - T) 



X 



< C{Cap^ (U) + \\uk - u\\l^(^k)) + / xuk{Tj - T) 

JX 

where C is a positive constant depending only on sup^ \\uk — u\\ioo(^x) and 
Now let j tend to oo and then k oo, we obtain 



lim sup 

j 



xiuTj - uT) 



X 



< Ce, 



and since e can be chosen arbitrarily small, we obtain ([3 



□ 
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Corollary 3.13. Let (y?^), ((/?™) be uniformly bounded sequence of func- 
tions in Vm{X , uj) r\ L°° {X) converging quasi-uniformly to (p^,...,ip"^ respec- 
tively. Then we have the weak convergence of measures 

^p^u}^i A ... A uj^rp A w"""" ^ (f^uj^i A ... A OJ^m A tj"""". 
Proof. Let x be a test function. By Proposition 13 . 1 2] it suffices to show that 

X{(p^ - A ... A OJ^rn A a;""™ — > as j oo. 

Now, we just apply the definition of quasi-uniform convergence as we have 
done many times before. □ 

The integration by parts formula is valid for functions (by Stokes) . By 
corollarv 13 . 1 31 we see that it is also valid for functions in ^^(X, w) riL°°{X). 

Theorem 3.14 (Integration by parts). Let ip,ip G Vmi^,^) H L°°{X) and 
T be a current of the form 

T = uj^,A...Auj^^_, Aw"-*", 

with ifi G Vm{X,uj) n L'^{X). Then 

/ ipdd''ipAT= / Tpdd^'ipAT. 
Jx Jx 

Theorem 3.15 (Maximum principle). // ip,ip be two functions in 
Vn,{X,uj)nL°°{X) then 

Proof. Let {(fj), (V'j) be approximating sequences of ip and ip respectively. 
It is obvious that 

For Uj = max(99j — tpj,0) = max((/?j,^j) — ipj, we have Uj.l^^^_.y^.j = Uj. 
Thus, 

UjHm{^Si^{(Pj,1pj)) = UjHm{(pj). 

Since uj is a difference of two functions in Pm(X, a;) nL°°(X), we can apply 
corollary 13.131 to obtain 
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where u = max((/9, ip) — ip. Now, for each e > we have 



u + e u + e 

Thus, the monotone convergence (as e — )• 0) yields 

□ 

From Theorem 13.151 we easily get 
Corollary 3.16 (Comparison principle). If ip,ip ^Vm{X,u))r\L'^ {X) then 

[ Hm{ip)< [ Hmii^). 

Lemma 3.17. Let if, ^ be two non positive functions in Vmi^ , uj) (X) . 
If s > and < t < 1 then we have 



t"'Cap^^^{^ -^<-t-s)<{l + Mr HM, 
where M = \\'4'\\l°°(x)- 

Proof. We can assume that ifj is continuous on X. For the general case 
we can approximate ij: quasi-uniformly by sequence of C"^ functions in 

SHm{X,Uj). 

Let ti be a function in Vm{X,u}) n C'^{X) such that < li < 1. Set 
5 = j^qry, p = 5u+ {1 — 5)ip — t — s. Observe that 

{^p — ip < —t — s} d {^p < p] d {if — ijj < — s}. 

By the comparison principle we have 



J {ip—ip<—s—t) J {ip—-ip<—s~t) 



< I u^A uj''-"' 



f , 

r 

{ip-ip<-s) 



< I uj"^ A oj" 
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Thus, 



{ip—4>< — s—t) J {(f—ip<—s) 



Now, it suffices to take the supremum over all u G Vm{X, u) D C {X). □ 

Proposition 3.18 (Chern-Levine-Nirenberg inequality). Let T he any cur- 
rent of the form T = oj^^ A .../\OJum_-i Ao;""™ with ui, Um-i & VmiX, uj) fl 
L°°(X), and ip,ip be two functions in VmiXjUj) n L°°{X). Then 

(3.6) / |V'|a;^Ar< / [V'jT A a; + (2! sup V'l + sup - inf 99) / w". 
Jx Jx ^ X X ^ Jx 

Proof. The proof is nearly the same as in [23j. We first assume that V ^ 
< 93. Integrating by part (Theorem 13. 14p allows us to do this) we obtain 



{-l|J)oJ^^T= / {-'4))uJ^T+ / ifi-dd^^j) AT. 
X Jx Jx 

Since (p > and (w + dd^ifj) A T > 0, it follows that 



(fi-dd^^p) AT < / 990; A T < (sup v?) / t^". 
X Jx X Jx 



Thus we have 



(3.7) / (-V')a;^Ar< / (-^)r A a; + (sup (^9) / w". 

Jx Jx X Jx 

For general functions ip,ip G VmiX,uj) we apply (j3.7p for = 93 — infx 9? 
and ip = — supx V' to obtain 

\ip\uj^AT < / iV^lw,^ AT+ IsupV-l / 
X X Jx 

■ijj\uj^ AT+ IsupV-l / 
X X Jx 

(apply (1321)) < / [^A|TAL^ + (|supV|+sup(^) / w'^ 
Jx X X Jx 

< / [V'lT Ao; + (2[ sup V-I + supv? - inf 99) / u"-. 
Jx X X X Jx 

□ 
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Applying (|3.6p for Tj = A for i = m — 1, we obtain 

Corollary 3.19. Let(p,ip be two functions inVm{X,uj) such thatO < f <1. 
Then 

I |V'l^mM< / |V'|a;" + mf2|supV'l + l) / w". 
Jx Jx ^ X Jx 

Corollary 3.20. There exists a constant C > such that for all %[) € 
Vm{X,uj) such that supx ip = —I and t > then 

Cap^,m{i' < -t) < C/t. 

4 Stability of solution 

In this section we use a Moser iterative process to establish a uniform a 
priori estimate on the solutions of complex Hessian equation and stability 
property. By Green formula we easily get 

Proposition 4.1. Let {X,oj) be a compact Kdhler manifold of complex di- 
mension n and q be a positive number such that q < Then for every 
smooth Lo-subharmonic function if such that 

[ (/pu;" = 
Jx 

we have the following estimate 

where C is a constant depending on X,q. 

The following uniform estimate has been proved in [28] with the constant 
depending on uniform norm of /. We slightly modify the proof so that the 
constant depends on norm of /, for p > n instead of ||/||loo(x)- 

Theorem 4.2. Let ip be a smooth normalized solution to 

+ dd^ip)"" A oj''-"' = foj'' 

with / > smooth. Let q > n be a real number. Then we have the following 
uniform estimate 

\\f\\L°^ < C, 

where the constant C depends on X,q and the upper bound for \\f — 
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Proof. Without loss of generality we can assume that Jx^^ — 1- We have 

{1 - m^pr^oj^ = [ \^r''ipdd'^i-^)AT, 

X JX 

with 

m— 1 
fc=0 

A simple application of Stokes formula yields 



\'f\P-'^^dd%-'f) Auj""-^ = {p-l) / |^|P-2rf(/pAdVAa;"-^ 
X Jx 

It together with |V|v9|p/2|2 = !L.\^\p~2\^^\2 

give us the following inequality 



(4.1) ^ivi^-v^r/^p^" < 

2 

By Sobolev inequality we have 

(4.2) lllv^ni^ = M'^Y^^ < |V|^r/2|2u;« + ^ ic^iv). 

Recall that J-^cj" = 1. For simplicity we denote ||/ — l\\g = Cg. Now by 
(lO) and (gJl) we obtain 

(4.3) |||^n|_a_ < Cp(c,||^i|^^-_\)^, + ii^ii^) 

We want to bound H^jH^^oo . So we can assume that all the norms of are 
greater than 1. We obtain from (|4.3|) that 



and hence 

(4.4) < {Cp)'/^^\\,g,. 
By Sobolev-Poincare inequality we have 

(4.5) ||v^||2<C.i|V(^||2 = a||V|(^|||2, 
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since V(p = V\ip\ almost everywhere. From ()4.ip for p = 2 and ()4.5p and 
Proposition 14.11 we obtain 

(4.6) < C.Cq.\\ip\U < C.Cq. 

n — 1 

To simplify the notation we use the following quantities 

a:= , > 1; :=2a^A; = 0,l,... 7^ := 



Note that /3fc > 1 for every A: > and since 13k = o-Pk-i with a > 1 the 
product 11^=1 /^/^ convergent to /3 > 1. Now by inequality (|4.4p applied 
for p = 2a^ , k = 1,2, 3, ... we have 



M^a^ < (C/3fc(Q + l))^'=||¥'ll^afc-l 

n— 1 * n — 1 * 

< {C(3k{Cq + l)p.(C7/3fc_i(Cg + ,.-2 

n — 1 ' 

< ••• 

Therefore, 

(4.7) iI'^iIl-(x) < (c.(c, + iw.p.yw^- 

n — l 



with 



k=l k=l 

Now, from ()4.6p and (j4.7p we have 



< C7. 



□ 



Theorem 4.3. Lei ip,tp G SHm{X,uj)nC^{X,u}), r >2, and set p = (p — ip . 
Then 

where C is a positive constant depending only on n, m, r, and upper hounds 
ofW^Wh-^iX), and J- 
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Proof. We follows the idea of Blocki We prove inductively for k 
0, 1..., m — 1 that 



X 



pr^dp A d'p A A u"^'^-^-' A t^"— < , 



for every j = 0, ...,m — 1 — k, where 

b:= [ \pr^p{HM-Hm{^)). 
Jx 

For A; = 0, it is trivially true. Suppose that it is true for 0, 1, /c — 1. We 
have 



with 



k-l 



Q = A a;. 



7 . m—l—k—j 



Moreover, 

(4.8) \pY''^dp A d'^p A dd^if A a 



Aw" 



k=0 



r - 1 



dx{p) A d'^p A (ifi'^v? A a 



1 



p — 1 



d[ dx{p) A d'^p A A a + A A d^ip A a 



Therefore, 



(4.9) 



^dp A d'^p A A w 



< / IpI'' ^dp Ad^pAT ^ / (ix(p) A dd^'p A ^''99 A a. 

Jx f -1 Jx 

Since A d'^p A T = 6 < C, it remains to estimate the last term in 

the right hand side of ()4.9p . We have 



1 



dx{p)Add^pAd'^LpAa < / dx{p)Ad'^ipAaAoj^ + I dx{p)Ad'^ipAaAuj^ 
x Jx Jx 

For f] we denote if or ^. Cauchy-Schwartz inequality yields 
dxip) A d^ip Aa Aujri 

1/2 / /■ \ 1/2 



X 



< 



X 



dxip) A d^xip) ^ Oi ^^v) i^j dip A d^ip A a AuJri'^ 
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By the induction hypothesis it remains to prove that 

/ dif A (f^p A a AijJr, < C. 
Jx 

But 



/ dip A d'^ip Aa AoJri = - (f A dd'^ip Aa AoJr, 
Jx Jx 



< 



x 



If A U!^ A a A ujj^ 



+ 



ipuj A a Aujri 
X 



< 2/c||(/?||ioo(^). 

Therefore, Theorem 14.31 is proved. □ 

From Theorem 14.31 and Corollary 13.21 we easily get 
Corollary 4.4. Let ip,^} G Vm{X,oj) n L°^{X), and set p = (p-ip. Then 



1^1 — m 

X ^ Jx 

where C is a positive constant depending only on n, m, and upper bounds of 
IMi^ix), Ml^{x), and J^uj"^. 

From Theorem 14. 21 Theorem l4.2( and again the Moser's iteration method 
we prove the following important stability theorem. 

Theorem 4.5. Let us consider two smooth strictly positive functions f,h 
on X and ip, ip corresponding solutions to 

normalized by 



X Jx 

Given postive numbers q > n, p > 1 there exist positive constants C depend- 
ing on X,n,p,q, \\f\\q, \\h\\q, and j depending on n,p,q such that 

\\^-^\\p<C.\\f-h\\l 

Proof. For simplicity we denote \\h — f\\q by Cq and by C we denote a 
constant depending only on X,q,p,A. Let r > 2 and consider the function 
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X : M — 7- M defined by xi^) = ^- Then x is a C"*^ function in M with 
x'{t) = (r — Denote p := ip — ip. By hypothesis we have 

Thus 

Jx 

with 

m— 1 
fc=0 

From Theorem 14.31 we have 

(4.10) / \pr^dp A d'^p A a;"-^ < C.b'^'"'^' , 
Jx 

with 6 := |/or~^d/3 A A T. 

Now we use the Moser's Iteration process to establish the upper bound 
for ll^j — tP\\lp{x) ill terms of ||/ — h\\q. Note that 

ivipr/^p = ^iprvpp. 

Set d = 2^~"^. Using (I4.10p we have the following estimate: 

(4.11) j^Mp\^/^\^LO- = ^^|pr2|Vp|2^n 



X 

< "^C^I^lpr^dpAd^pAT" 



2 

nr 

< 



2(r-l) 

< cr\\h-frq\\p\\'(;-_f^, 

By Sobolev inequality we have 

iiipnu = iiipr^'ii' 



cU \pr'p.{h-f)u;-y 



2n 
n-1 



(4.12) < C{ I |Vl/9l"/Y^" + y IpIV" 
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Now by (jilT]) and (fiJ2]) we obtain 

(4.13) lllpril^ < Cr[c^\\p\f^zZ + Mr 

By Sobolev-Poincare inequality we have 

(4.14) ||p||2<C.||V/9||2 = C.||V1p1||2, 

since V/> = V|pl almost everywhere. From (|4.1ip for r = 2 and (|4.14p and 
Proposition 14.11 we obtain 

(4.15) \\ph<C.C^.\\p\W<C.C^. 

Thus, we can assume that ||p||2 < 1. With out loss of generality we can 
assume that all norms (r > 2) of p are less than 1. By (|4.13|) we have 

(4.16) iipii.^ < c.rVnipiii;;^/'^)^ 

To simplify the notation we use the following quantities 

n 2ci^ 

a:=- TT7 > 1; /3fc := — , = 0, 1, ... 7^ := l/^fc. 

(n — l)q q 

Note that /3fc > 1 for every A; > and since /3fc = a/3fc-i with a > 1 the 
product 11^=1/5/'' is convergent to /3 > 1. The sequence {11^=1(1 ~ is 

-Ci -C2 

also convergent and the limit 7 is between e and e with two positive 
constant Ci,C2. Now by inequality (I4.16P applied for r = 2c^ = 1,2,... 
we have 

||p||2a^+i < {C^V^MZ'''^ 

< (C/3fc)^'=.(C/3fc„i)'^(i-^'=)-^'=-.||p||^'j2t)('-^'=-) 

< ... 

Therefore, 

(4.17) \\ip-^p\\p<C./3.\\ip-i;\\f\ 



with 



00 00 



fc=0 k=0 
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Now, from ()4.15p and (j4.17p we have 



\\f - tp\\LP(x) < C.\\f - hW^, 
which completes the proof of Theorem 14.51 □ 



Theorem 4.6. Let {X,uj) be a n- dimensional compact Kdhler manifold of 
non negative holomorphic bisectional curvature. Fix 1 < m < n < p and 
let < f U'{X) such that J^^ fu;^ = J^uj'^. Then equation U.l\) has a 
bounded weak solution ip € SHm{X,u}). 

Proof. Let (fj) be a sequence of smooth strictly positive functions on X con- 
verging in U'{X) to /. We can assume that jj^ fj^"" = l^^J- From [?] there 
exists, for each j, a smooth (w, r?T,)-subharmonic solution cpj, normalized by 
supj^ ipj = 0. By Theorem (|4.5|) and Theorem (|4.2|) we have 

sup \\(Pj\\L^(X) < +00 
j 



(4.18) lim W^j - (pk\\Li(x) = 0, Vq' > 0. 



We claim that limj fc_j.oo cap^ — > 2e) = for every small e > 0. 

Applying Lemma 13.171 with t = s = e we obtain 



c^Pu,miv>j -Vk< -2e) < (1 + M)"e-i / 

(1 + M)™ 



< 



< 



Jx 



Wj - fk\fj^'^ 



{l + MY 

Jim 



- </'fcllLP'(x)-ll/illLn^)- 



By interchanging j and k and noting that ||/j|!LP(X) is uniformly bounded 
and using (|4.18p we obtain 

(4.19) lim cap (Iv^j - 99fe| > 2e) = 0. 

From (|4.19p . we can find a subsequence of ((/3j), still denoted by (v?j), 
such that ^ 
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Set if = (limsupj_j.oo It is easy to see that 99 E SHm{X,uj) and 

ipj ip in cap^ ^. Thus the Hessian measure of ip is well-defined thanks to 
Theorem 13.101 and hence 99 is a bounded weak solution of 

□ 

Remark 4.7. Using Moser iteration method, it is not clear that we can 
prove the continuity of the solution. In the case of Monge- Ampere equation, 
Kolodziej [32] introduced a very powerful method which has been adapted 
also to the complex Hessian equation by Kolodziej and Dinew (see [I7| ) . We 
summarize it in the next section. 

5 Continuity of the solution 

Continuity of our solution follows from a very recent work of Dinew and 
Kolodziej [17 \ which we learned about when preparing this paper. The 
main idea is the comparison estimate between volume and capacity. Here 
we will use this idea and follow the lines in |18j to prove a weak — 
stability which implies the continuity of the solution. 

Definition 5.1. Let q > 0, ^ > 0. A Borel measure fj, on X satisfies condi- 
tion Qm{ct, A,uj) if for all Borel subsets K of X, 

,i{K) < ^Cap,,„(K)i+°. 

Proposition 5.2. Let ^ he a Borel measure satisfying condition 
Qm{(y-,A^u:). Suppose that (p G Vm,{X,u)) solves Hm{(p) = /i, and supx ^ = 
— 1. Then there exists a constant C = C{a, A,u},n,m) such that 

sup \ip\ < C. 

X 

Sketch of proof. Set 

fis) := [Cap,,„((^<-.)]V-. 

Observe that / : is right continuous, decreasing with lim+oo / = 0. 

Since n satisfies condition Qm{a, A,uj), it follows from Lemma [3. 171 applied 
to the function 1^ = that / satisfies the condition in Lemma 2.4 in |18j . 
Moreover it follows from Corollary 13.201 that 

f{s) < Cis~'/^, 
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for some constant Ci which only depends on uj. Thus, follow the lines in 
[18] . page 615, we have the desired uniform estimate. 

Theorem 5.3. Suppose that (p,'il^ ^ Vm{X,oj) nL°^(X) satisfy 

sup 99 = sup^/^ = —1. 

X X 

Assume that Hm{^), -ffm(V') satisfy condition Qmia, A,uj) for some a,A> 
0. Then there exists C = C{a,A,uj, > such that, for 

any e > 0, 

snp{^P -ip)<e + C[Cap^^^{ip - V < -e)]"/"^- 

X 

Proof. The same way as in [18J, Proposition 2.6. □ 

The following Proposition is due to Kolodziej and Dinew [T7], Proposi- 
tion 2.1. The authors used a tricky argument from complex Monge- Ampere 
equations in the local setting to produce a comparison between volume and 
capacity. For convenience we include here a slightly different proof along 
the same idea. 

Proposition 5.4 ([17]). Let 1 < p < There exists a constant C = 

C{p,uj) such that for every Borel subset K of X, we have 

V{K) < CCap^^UKf, 

where V{K) := /^cj". 

Proof. Fix an open subset U such that K d U. Solve the complex Monge- 
Ampere equation to find n > such that cj" = /w" on X, with / = 
V{U)~^Xu- From ^JJ, Corollary 3.2, the solution u is continuous and more- 
over, for each r > 1, 

sup7x<C7||/||y", 

X 

where the constant C = C{r,uj) does not depend on K. The inequality 
between mixed complex Monge- Ampere measures |l6j tells us that 

Thus since u G Vm{X,uj) fl L°°(X), we obtain 

X Ju 

> (supu)-™ / /Wn^n 

X Ju 

> c-™y([/)i-^. 
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Thus, for every r > 1, there exists a constant C not depending on K such 

nr 

that V{K) < CCap;^ . The proof is complete. □ 

As a consequence of Proposition 15. 41 we have some examples of measures 
satisfying condition Qm{oi^ A^oj). 

Lemma 5.5. Assume = foo^ is a Borel measure with < / € U'{X) for 
some p > n/m. Then for any < a < -^^z^^, there exists Aa > such 
that fj, satisfies Qm{ct, Aa,uj)- 



The following stability theorem was established in [18] in the case of 
Monge-Ampere equations. With the above tools we can also obtain the 
same result for complex Hessian equations. 

Theorem 5.6. Assume Hm{f) = /w", Hm{ip) = , where ip,ip € 
Vm{X,uj) nC^(X) and f G L^{X) with p > n/m. Then if ^ small enough 
such that — "^j^ — r < have 

1—7(1+™?) in—mjp' 

\W - Hl^{x) < cy - V'IIIi(x)' 

where q = p/{p — ^) denotes the conjugate exponent of p, and the constant 
C depends only on n,m,p and upper bounds of \\f\\p, \\g\\p. 

Proof. Fix e > 0, and a > to be chosen later. It follows from Theorem [57 
and Proposition 15.21 that 

119^ - Hl^(X) < e + Ci[Cap^,^(|<^ - V[ > e)]"/-. 

Applying Lemma 13.171 we see that 



g-m+l/g 

It follows thus from Holder's inequality that 

Choose e := \\ip — ipWj^i. Then 

Cap^,„^(lv^ - V'l > e) < C^4[|lv^ - V'IIli]'/''-^^™^'/^). 
We infer that 

- i^h^ix) <\\^- V'IIIi(x) + - V'IIIi(x)' 

where 7' = — ^{m + l/q)]. We finally choose a so that 7 = 7': this 

yields the desired estimate. □ 
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6 Proof of the main result 



We first prove the uniqueness. Suppose that Lp and ijj are two continuous 
solutions of (jl.ip . Set p := ip — ip. It follows from Corollary 14.41 that 



dpAd'pAuj^-^ <C.(^ j p{HM - HM))' 



— )Ti 

p{HM-HM)] 

X ^ Jx 

where C is a positive constant. Since F is non decreasing in the second 
variable, it follows from Stokes formula that 

0< / p{H^W - Hm{^)) = [ ((^-V)(F(.,^)-F(.,(^)K<0. 
Jx Jx 

Thus, 

/ dpAd^pAoj''-^ = 0, 
Jx 

which implies that p is constant. If moreover t 1-^ F{x,t) is increasing for 
every x G X, it is easy to see that p = 0. 

Now we prove the existence. We consider three cases. 

Case 1: F does not depend on the second variable, F{x,t) = f{x),yx,t. 

Take a sequence of smooth strictly positive functions (fj) converging to 
/ in LP{X). We can assume that fj^^ = Ix^^ ^'-'^ every j. We use 
Theorem 12.151 to produce a sequence of smooth solutions (ipj) normalized 
by supj^ ifj = 0, Vj. By passing to a subsequence we can assume that (cpj) 
converges in L^. Since ||/j||p is uniformly bounded, by Lemma [5. 5 1 we can find 
a, A not depending on j such that all the measures /jw" satisfy condition 
Qmia, A,uj). By Proposition 15.21 the sequence (ipj) is uniformly bounded. 
Now it follows from Theorem 15.61 that ipj converges uniformly to a function 
(p which must be continuous. Being the uniform limit (and hence, obviously, 
quasi-uniform limit) of a smooth sequence in VmiX,uj), the function 93 is in 
the class VmiX^uj) and solves equation Hm{^) = fuj^- 

In the next two cases we will use the Schauder fixed point Theorem. 
Case 2: There exists ti G M such that /^F(x,ti)w" > F{x,to)uj'^ . 
We set 

C:={ipe SH^{X,uj)/ / ipu'^ > -Co; sup if < 0} 

Jx X 

where Cq is the constant introduced in Lemma 12.141 It follows that C is a 
compact convex subset of L^{X). 
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Take -0 G C, we use the result in case 1 to find ip € 'Pm{X,oj) n C^{X) 
such that supj^ 99 = and 

where > to is a constant such that 

(6.1) I F(.,^ + c^)a;"= ! a;^ 

This can be done because F satisfies conditions (F2) and (F3). Indeed, by 
Fatou's Lemma we have 

liminf [ F{.,i; + t)uj'^> [ F(.,ti)w"> [ w". 
Jx Jx Jx 

Moreover Jx F{.,ip + tQ)uj^ < J^F(.,to) = Jx^^- Thus by continuity of 
t ^ fx + t)^"^ we can find satisfying (jO.ip . 

Observe that ip is well-defined and does not depend on c^. Indeed, assume 
that ci,C2 are two constants such that 

f F(.,V' + ci)a;"= j F(.,V + C2)w"= j oj^ , 
Jx Jx JX 

and 921,(^2 are two continuous functions in Vm{X,uj) such that 

H^{^i) = F(., ^ + ci), H^{^2) = F{.,i) + C2). 

Since t ^ F{x, t) is non decreasing for every x G X, we have F{., ip + ci) = 
F{.,ip + C2) almost every where on X. Thus by the uniqueness result above, 

= ¥'2 + c for some constant c which must be by the normalization. 

Then we define the map <I> : C ^ C, ^ ^p. 

Now we prove that <I> is continuous on C. Suppose that {ipj) is a sequence 
in C converging to V £ C in L^{X) and let tpj = ^{ipj)- We set cj := c^. 
and prove that (cj) is uniformly bounded. Suppose in the contrary that 
Cj t +00. By subtracting a subsequence if necessary we can assume that 
ipj —7- Ip almost everywhere in X. Then by Fatou's lemma we have 

/" lim [ F{.,^j+cj)uj'' > [ F(.,ti)w", 

Jx j^+co Jx Jx 

which is impossible. Therefore the sequence (cj) is bounded. This implies 
that the sequence {F{.,ipj + Cj))j is bounded in LP{X). 
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To prove the continuity of $ it suffices to show that any cluster point 
of (ifj) satisfies = ^- Suppose that ipj ip in L^{X). It follows from 

Theorem l5.6l that the sequence (ipj) is Cauchy in C^{X). Thus {(pj) converges 
to if in C^{X) and € Vm{X,uj) n C^{X). By subtracting a subsequence if 
necessary we can assume that V'j ^ almost everywhere on X and cj c. 
Since 1 1-^ F{x, t) is continuous we see that F{., i/jj +Cj) — )• F{.,7p + c) almost 
everywhere. Thus Hm{(f) = F{.,'ip + c) which means = if and hence 

$ is continuous on C. 

By the Schauder fixed point Theorem, it follows that <I> has a fixed 
point in C, say ip. By definition of <I>, the function 99 must be in the class 
Vm{X,uj) nC°(X) and we have 

Hm{y^) = F(.,(^ + c^)w". 

The function 99 + is the required solution. 

Case 3: J-^ F{.,t)uj^ = J-^ F {. , to)uj'^ ,yt > to- In this case we have F{x,t) = 
F{x,tQ) for all t > to and for almost x & X. Thus 

\\F{.,to)\\LPiX) = \\F{.,t)\\L,ix), 

for every t > to- 

From Proposition 15.21 we can find a positive constant Ci such that for 
any G Vm{X,uj) fi C^{X) satisfying sup^ ip = and 

H^iip) = fu^, 

with ll/llp < ||F(.,to)||p then 

^ > -Ci. 

We set 

C := {v9 G SH^{X,uo)/ - Ci < < 0}. 
Then C is a compact convex subset of L}{X). 

Take V ^ C, we use the result in case 1 to find <p € Vm{X,u}) n C^{X) 
such that swpx 9? = and 

= F(.,V + c^)a;", 
where to < < to + Ci is a constant such that 

/ F(.,^ + cv,K= / 6."- 
Jx 
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This can be done because F satisfies the condition (F2) and (F3) . Indeed, 

[ F(.,V + toK< [ oj^< [ F(.,^ + to + CiK. 
Jx Jx Jx 

Thus by continuity we can find as above. 

As in case 2, ip is well-defined and does not depend on the choice of c^. 
By the choice of Ci , we see that (/? € C . So we can define a map ^ : C ^ C 
by setting = ^■ 

Now we prove that $ is continuous on C . Suppose that (ipj) is a sequence 
in C converging to ^/J £ C in L^{X) and let (pj = ^{ipj)- We set Cj := c^y 
For each j € N, 

/ [F(.,V^,+c,)Fa;"< / [F(.,c,-)]V= / [F{.,toWu;\ 
Jx Jx Jx 

Therefore, the sequence {F{.,iljj + Cj))j is bounded in U'{X). 

As in case 2, we can assume that tpj — )• in L^{X). It follows from 
Theorem l5.6l that the sequence {<pj) is Cauchy in C^{X). Thus (93^) converges 
to (p in C'^(X) and if € Vm{X,uj) n C'^(X). By subtracting a subsequence if 
necessary we can assume that ipj — )• ^ in L^{X) and Cj c. Then Hm{^) = 
F{.,'ip + c) and = f which implies that ^ is continuous on C' . 

By the Schauder fixed point Theorem, it follows that $ has a fixed 
point in C, say (p. By definition of <I>, the function ip must be in the class 
Vm{X,uj) riC^{X) and we have 

H^{^) = F{.,ip + c^)uj''. 

The function 99 + is the required solution. 
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